This paper studies a generalization of magic squares to finite projective space P n (q). We classify at all functions from P n (q) into a finite field where the sum along any r-flat is 0. In doing so we show connections to elementary number theory and the modular representation theory of GL(n, q).
Introduction.
This paper investigates a generalization of magic squares to finite projective space. A magic square can be viewed as an injective N-valued function on a square grid where summing along any horizontal, vertical or main diagonal line will produce the same sum. Small [9] enlarged this definition of magic square by looking at k-valued functions on a square grid for some field k. He also removed the restriction that the functions be injective. In doing so, Small showed that the dimension of magic squares over a given field k is independent of k when n ≥ 5 and depends on the characteristic of k for small n. The description of how the dimension is dependent on the characteristic is given in [6] . It is natural to extend Small's work to finite projective planes Π of order n, as the plane naturally comes with lines to sum over. In [8] we show that no non-constant functions f : Π → k exist unless the characteristic of k divides n.
This paper extends our previous work to finite projective space. For finite projective space we could require that all functions sum to the same value along each of the lines, however, there are other natural possibilities. For a field k and a k-valued function f on a finite projective space, we call f r-magic if it is injective and the sum of f over any r-dimensional subspace (r-flat) is a constant c independent of the r-flat. Such a c we call the magic sum. This definition is a little too restrictive because r-magic functions do not form an algebraic structure. Instead we weaken our definition to r-pseudomagic functions by removing the injectivity condition. These functions form a vector space and so will be easier to study. This differs from the terminology of Smith because we want to reserve magic functions to align with the historic term where magic objects have distinct values. We first will show for a projective space defined over a finite field F q , non-constant r-pseudomagic functions into a field k exist only if char(k)|q. The remainder of the paper is dedicated to studying the vector space of F q -valued, r-pseudomagic functions, for projective space defined over F q . We give a complete combinatorial classification all such functions as polynomials.
This problem can be viewed in terms of the 0-1 incidence matrix, A r , of a projective space, which encodes the incidence structure of the points and rflats in the projective space. Historically, when viewed over a characteristic p field, this matrix plays a crucial role in coding theory, and its p-rank has been studied extensively. For projective planes this rank is calculated by Goethals and Delsarte [3] . The result was generalized independently (and using different techniques) to the p-rank of the incidence matrix for points and hyperplanes in projective space by Graham and MacWilliams [4] and Smith [10] . Shortly thereafter Hamada generalized this further to the incidence matrix A r [5] . This rank formula is now known as Hamada's formula. Despite all this work being completed in the late 1960s it is still an open question to determine the p-rank of general incidence matrices for r-flats and s-flats of projective space.
In 2000, Bardoe and Sin [1] used the modular representation theory of GL n (q) in order to better understand, and reprove, Hamada's formula. In doing so they give a combinatorial description of the representation of GL n (q) acting on functions over projective space. We use Bardoe and Sin's classification to study the r-pseudomagic functions, which happen to be closely related to Ker A r . This analysis helps give a geometric interpretation of Bardoe and Sin's combinatorial parameters of the representations.
Finite projective space and psuedomagic functions.
In this section we set notation and introduce finite projective space. Fix q = p t a prime power, F q a finite field of q elements, and K an algebraic completion of F q . We let V (q) be an n + 1 dimensional vector space over F q with standard basis e 0 , . . . , e n , and let V = V (q) ⊗ K be an extension of V (q) to an n + 1 dimensional vector space over K. We define P n (q) = (L 0 , . . . , L n−1 ) to be the projective space of dimension n defined over the field F q with L r the set of r + 1-dimensional subspaces of V (q) which we call r-flats. In the special case of r = 0 we call P = L 0 the points of P n (q). Projective space P n (q) comes equipped with an incidence relation. Subspaces
Our interest was sparked by a desire to understand "labelings" of the points in P n (q) which are magic for r-flats. That is, we are looking to understand functions f : P → G, for some Abelian group G, that satisfy two criteria:
Functions satisfying both conditions we call r-magic, and those that satisfy condition 1) we call r-pseudomagic. In [8] we show that there are no nontrivial (non-constant) 1-pseudomagic functions for finite projective planes P 2 (q) if G is a torsion-free group. We further show that there are no non-trivial 1-pseudomagic functions for P 2 (q) unless G contains a cyclic group of order p. We will let r -Mag(P n (q), G) = {f : P → G | f is r-pseudomagic}. The functions where the magic sum is 0, are denoted by r -Mag 0 (P n (q), G). The rest of this section is dedicated to showing that r -Mag(P n (q), G) only contains constant functions, denoted by 1 , if G does not contain a subgroup of order p. Note that we instead prove the equivalent statement that if G does not contain a subgroup of order p, then r -Mag 0 (P n (q), G) = {0}. To prove this result we use two main ideas. First, we show the result is true for hyperplanes ((n − 1)-flats), and then we extend the result to arbitrary r-flats. Lemma 1. Let G be an Abelian group and let n ≥ 2.
Proof. We proceed by induction on n knowing that the statement is true when n = 2 by [8] .
Note that |L r (V )| = q + 1 because through dualizing this is the same as the number of points on a line. Observe, for f ∈ r -Mag(P r+1 (q), G)
Since f is r-pseudomagic and the sum is in terms of r-flats it is independent of V . Comparing to another (r
Since G contains no subgroup of order p the map h → qh for h ∈ G has a trivial kernel, and so we conclude p∈V f (p) is independent of the choice of (r − 1)-flat V . That is, f ∈ (r − 1) -Mag(P r+1 (q), G) and so f is a constant function.
Proof. This follows from Proposition 2 applied to Lemma 1.
Note that for a field K these results say that r -Mag(P n (q), K) = 1 if the characteristic of K does not divide q, so the interesting case is when the characteristic of K and q are not relatively prime. The remainder of this paper we study r -Mag(P n (q), F q ) which for brevity we will just write as r -Mag(P n (q)). Similarly we let r -Mag 0 (P n (q), F q ) = r -Mag 0 (P n (q)). The incidence matrix of P n (q) is closely related to r -Mag 0 (P n (q)). Using the incidence relation we define a series of incidence matrices A r for 0 < r < n as follows. The columns of A r are indexed by the points P and the rows are indexed by the r-flats L r . Then for p ∈ P and W ∈ L r the (W, p) location is 1 if p and W are incident, and 0 otherwise. By viewing any function f : P → F q as a column vector we may apply A r as an operator on functions
This perspective brings about the insight that r-pseudomagic functions (with magic sum zero) correspond to the kernels of the incidence matrices A r , i.e. Ker(A r ) = r -Mag 0 (P n (q)).
3. Polynomials, Representation Theory, and Kummer's Binomial Theorem.
To study r-pseudomagic functions we first need to understand the functions K[P n (q)] = {f : P → K}. These can be characterized as polynomials in n + 1 variables with certain restrictions. We choose coordinates X 0 , . . . , X n for V that are dual to the standard basis and look at which monomials m ∈ K[X 0 , . . . , X n ] restrict to functions on P n (q). These monomials will then form a monomial basis for K[P n (q)]. For a monomial to be well-defined on points in projective space it must be invariant under scalar multiplication on the coordinates. By Fermat's little theorem this happens only when q−1 divides total degree of the monomial.
However, not all such monomials are unique when restricted to P n (q). The kernel of the restriction map is generated by X q i − X i n i=0 , along with δ 0 , the characteristic function of 0 ∈ V (q). The polynomials X q i − X i correspond to the fact that c q = c for all c ∈ F q , while δ 0 appears because projective space is defined for homogenous coordinates and is not defined at 0 ∈ V (q). To account for δ 0 in the kernel we set X 
Our main goal is to determine which polynomials in K[P n (q)] are r-pseudomagic. In order to do this we will make use of results from the representation theory of the group G = GL n+1 (q).
The group G has a natural action on the vector space V (q) which extends to an action on P n (q). We use the action on P n (q) to define an action of
, and x ∈ P. Since the action of G on P n (q) sends r-flats to r-flats, it follows that r -Mag 0 (P n (q)) (and hence Ker A r ) is a sub-representation. To gain information about the r-pseudomagic functions we study the structure of this representation.
To motivate the discussion we begin with a result from classical number theory.
Theorem 4 (Kummer's Theorem (1852)). Let r be the largest natural number so that p r divides n k , then r is the number of carries involved in the base p sum of k and n − k.
The original proof is due to Kummer [7] . We need a generalization of Kummer's Theorem to multinomial coefficients that is a result of Dickson [2] .
Theorem 5.
[2] Let r be the largest natural number so that p r divides the multinomial coefficient k1+···+kn k1,...,kn , then r is the sum of all the carries involved in the base p sum of
Understanding the representation generated by G acting on X q−1 0 involves a special case of Theorem 5. For a generic g ∈ G that sends X 0 to n i=0 a i X i we find that
As we allow g to range over all of G, the only monomials X b in (2) that appear in the generated space are precisely those where
By Theorem 5 we can determine when p will divide the multinomial coefficient by analyzing the carries in the base p sum of b 0 + · · · + b n . Hence, for any monomial
be the base p expansion of each b i and recursively define r j+1 as the number so that
where r 0 = 0. That is, r j is exactly the number of carries into the p j place of the base p sum b 0 + · · · + b n . So for each monomial X b ∈ K[P n (q)] we can associate the list of carries (r 1 , . . . , r t ).
In our special case above, where X b is in the image of X q−1 0 under the action of G, we have |b| = q − 1 and hence r t = 0 as there is no carry into the p t place. Now, by Theorem 5, the coefficient on X b is not divisible by p -and hence X b is in the representation generated by X This example is also a special case of the representation theory of GL n+1 (q) acting on K[P n (q)] developed by Bardoe and Sin in [1] . To each monomial
we associate a sequence of t natural numbers s = (s 0 , . . . , s t−1 ) in the set
Let Fr p be the Frobenius map which sends a ∈ F q → a p . Let
, and so |b ′ | = s i (q − 1) for some s i ∈ N with 1 ≤ s i < n. Then to X b we associate the sequence s = (s i ) t−1 i=0 . When n ≤ q − 1, s can equivalently be defined as s i = r i + 1 for 1 ≤ i ≤ t − 1 and s 0 = r t + 1 with r i defined as in (3) . So the set H can be thought of as a parametrization of monomials in K[P n (q)] which generalizes the data used in Kummer's theorem and its generalization.
The space H also comes equipped with a partial order, The following theorem is a compilation of the results from Bardoe and Sin which we will need.
there is an associated s ∈ H and the following hold:
The set {L(s) | s ∈ H} contains all irreducible representations that appear in the composition series of K[P n (q)]/ 1 . 3. The space generated by the action of G on X b is Y (s).
Returning to the example of G acting on X q−1 0 we see that the s associated to X q−1 0 is s = (1, . . . , 1). Since s is the minimal element of H, we know by Theorem 6 that
This is the space generated by monomials where r 0 = · · · = r t−1 = 0, which is what we found using Theorem 5. In this light Theorem 6 can be thought of as a partial generalization of Kummer's Theorem, in that it describes when the coefficient of a monomial in the image g · X b , is not divisible by p in terms of base p expansions of b. Specifically, if X b ∈ K[P n (q)] is acted on by g ∈ G, then p does not divide the coefficient on a monomial X b ′ in the image if and only if s ′ ≤ s, where s, s ′ ∈ H are associated to X b and X b ′ respectively. This result will allow us to describe which polynomials are in r -Mag 0 (P n (q)) in terms of the parameters from H.
Pseudomagic functions.
We now show which functions in K[P n (q)] are r-pseudomagic.
, is a monomial of degree r(q − 1), then m ∈ r -Mag 0 (P n (q)).
Proof. Let m = X b where |b| = r(q − 1). Instead of viewing m as a function on P n (q) it will be easier to treat it as a function on V (q), so we write m for m viewed as function on
Let W ∈ L r be an r-flat of P n (q) spanned by x 0 , . . . , x r ∈ V (q) with coordinates
] are constructed to be independent of the action of scalars, applying m to a 1-flat x i gives
for each i.
Since we want m(W ) = 0 for all W ∈ L r , we just need to show m(W ) = 0.
Viewing (4) as a polynomial in x i,j , the coefficient of
where 0 ≤ a i,j ≤ b j and r i=0 a i,j = b j for all j. We now show that each of these coefficients is zero. It is a well known fact that α∈Fq α k = 0 if and only if (q − 1) | k. Assume there is an i so that (q − 1)
does not divide A = n j=0 a i,j . Without loss of generality let i = 0, then the coefficient becomes
where
Hence, we need only to consider the cases where (q − 1) divides n j=0 a i,j for all i. Since the total degree of our polynomial is equal to r(q − 1) it follows there exists some i, 0 ≤ i ≤ r such that The interior portion is constant with respect to the choice of α 0 , hence we are summing a constant q times, which gives 0 in F q . Since m is identically zero when summed over any r-flat W , it follows that m ∈ r -Mag 0 (P n (q)) as desired.
Polynomials of degree r(q − 1) are not all the r-pseudomagic functions, but in some sense all of them are generated from these functions. The Frobenius map Fr p : x → x p is a field automorphism, and thus composing it with any r-pseudomagic function will result in another r-pseudomagic function. By construction the Frobenius map cyclically permutes the sequence s. For m ∈ K[P n (q)] a monomial with degree r(q − 1) and associated sequence s ∈ H, we have by construction of s that s 0 = r. Applying the Frobenius map to m will thus result in a monomial m ′ that has r in the associated sequence s ′ ∈ H. Furthermore, if m ∈ r -Mag 0 (P n (q)), then m ∈ r ′ -Mag 0 (P n (q)) for all r < r ′ < n as well. This follows because each point in a fixed r ′ -flat W will be incident to exactly ℓ r-flats in W , where ℓ ≡ 1 mod p. So summing over all r-flats within a given r ′ -flat is the same as summing over the r ′ -flat. We can sum up our discussion with the following corollary:
] is a monomial associated to s ∈ H and there is an i so that s i ≤ r, then m ∈ r -Mag 0 (P n (q)).
To finish we show the condition in Corollary 8 is sufficient. That is, if m ∈ K[P n (q)] is a monomial associated to s ∈ H and s i > r for all 0
which is associated to (r + 1, . . . , r + 1) ∈ H. Consider the r-flat W ⊂ V (q) generated by e 0 , . . . , e r . For v = α 0 e 0 + · · · + α r e r ∈ W with α i ∈ F q we have m r (v) = 0 if α j = 0 for some j 1 else and so we have
Hence m r ∈ r -Mag 0 (P n (q)). However, it is not in r -Mag(P n (q)) either, since m r is zero on every point in the r-flat W ′ generated by e 1 , . . . , e r+1 since the coefficient of e 0 is always 0 for v ∈ W ′ . Now let s ∈ H with s i > r for all i, and let m be a monomial associated to s. If we assume that m ∈ r -Mag 0 (P n (q)) then by Theorem 6, Y (s) ⊂ r -Mag 0 (P n (q)). This implies that Y (r + 1, . . . , r + 1) ⊂ Y (s) ⊂ r -Mag 0 (P n (q)) and hence m r ∈ r -Mag 0 (P n (q)), which we just showed to be false. Summarizing our discussion we have our main theorem characterizing r -Mag 0 (P n (q)).
Theorem 9. If m ∈ K[P n (q)] is a monomial associated to s ∈ H, then m ∈ r -Mag 0 (P n (q)) if and only if min{s 0 , . . . , s n } ≤ r.
Conclusions and further questions.
Theorem 9 helps give a geometric interpretation to the combinatorial set H. The minimum of the terms in s ∈ H gives geometric information about the functions f ∈ Y (s). Since K[P n (q)] is a geometric object we expect there is a way to geometrically distinguish representations Y (s) and Y (s ′ ) when s and s ′ have the same minimum. We would also like to see a deeper connection of the set H to a generalization Kummer's theorem. As of now we can only use H to describe when a prime p divides a coefficient of a term in the image of a monomial under the action of G. Given that the data H provides is closely related to what is needed for Kummer's theorem we expect that one can expand on Theorem 6 to determine the exact power of p dividing a coefficient of a term in the image of a monomial under the action of G.
Finally, our original goal was to find functions which are r-magic for projective space (injective r-pseudomagic functions). We know there are no r-magic functions into F q since |P n (q)| = (q n+1 − 1)/(q − 1), but there is a chance that such a function exists mapping into F n q . That is, it is theoretically possible for [r -Mag 0 (P n (q))] n to contain an injective function. It is our hope that our main result, Theorem 9, which characterizes r -Mag 0 (P n (q)) in terms of polynomials will help lead to a concrete construction of such a function.
